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Abstract
In the present paper we investigate noncommutativity of D9 and D5-brane world-
volumes embedded in space-time of type IIB superstring theory. Boundary conditions,
which preserve half of the initial supersymmetry, are treated as canonical constraints.
Solving the constraints we obtain original coordinates in terms of the effective co-
ordinates and momenta. Presence of momenta induces noncommutativity of string
endpoints. We show that noncommutativity relations are connected by N = 1 su-
persymmetry transformations and noncommutativity parameters are components of
N = 1 supermultiplet.
PACS number(s): 02.40.Gh, 11.30.Pb, 11.25.Uv, 11.25.-w.
1 Introduction
In the present paper we investigate the noncommutativity of type IIB superstring theory
[1] in pure spinor formulation (up to the quadratic terms) [2] using canonical approach. We
consider two cases: when D9-brane is space-time filling and when D5-brane is embedded
in space-time. Also we investigate the supersymmetry of noncommutativity relations.
The field content of R-R sector determines stable Dp-branes [1] in the certain super-
string theory. The R-R sector of type IIB theory contains gauge fields A(0), A(2) and
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A(4), and consequently, Dp-branes with odd value of p are stable. As a particular choice,
besides D9-brane, we will embed D5-brane in ten dimensional space-time.
Spinorial part of ten dimensional superspace is spanned by two fermionic coordinates,
θα and θ¯α (α = 1, 2, . . . , 16), which are Majorana-Weyl spinors. It is useful to express ten
dimensional Majorana-Weyl spinor Sα in terms of two independent D5-brane opposite
chirality Weyl spinors, Sα1 and Sα2 (α1, α2 = 1, 2, . . . , 8) [1, 3, 4].
In the case of D9-brane, when it fills all space-time, we chose Neumann boundary
conditions for all bosonic coordinates xµ. The boundary condition for fermionic coor-
dinates, (θα − θ¯α)|π0 = 0 produces additional one for their canonically conjugated mo-
menta, (πα − π¯α)|
π
0 = 0. Choosing Neumann boundary conditions for x
i coordinates
(i = 0, 1, . . . , 5), and Dirichlet boundary conditions for orthogonal ones xa (a = 6, . . . , 9)
we embed D5-brane in ten dimensional space-time. For fermionic coordinates we choose
boundary condition [θα + (⋆Γθ¯)α]|π0 = 0, where
⋆Γ = Γ0Γ1Γ2Γ3Γ4Γ5 is introduced to pre-
serve supersymmetry [1]. Corresponding boundary condition for momenta is of the form
[πα + (
⋆Γπ¯)α]|
π
0 = 0. In terms of D5-brane spinors boundary conditions have the form
(θα1 − θ¯α1)|π0 = 0, (θ
α2 + θ¯α2)|π0 = 0, (πα1 − π¯α1)|
π
0 = 0 and (πα2 + π¯α2)|
π
0 = 0.
We treat boundary conditions as canonical constraints [5, 6, 7, 8]. Using their consis-
tency conditions, we rewrite them in compact σ-dependent form and find their Poisson
brackets. It turns out that all constraints are of the second class for nonsingular open
string metric Geff = G − 4BG−1B. Solving the second class constraints, we obtain ini-
tial coordinates in terms of effective coordinates and momenta. Presence of the momenta
in the solutions for initial coordinates is source of noncommutativity. Noncommutativ-
ity relations are consistent with N = 1 supersymmetry transformations. We obtained
that noncommutativity parameters contain only odd powers of background fields anti-
symmetric under world-sheet parity transformation Ω : σ → −σ. They are components
of N = 1 supermultiplet. This result represents a supersymmetric generalization of the
result obtained by Seiberg and Witten [9].
At the end we give some concluding remarks.
2 Type IIB superstring theory and embedded D5-brane
We will investigate pure spinor formulation [2, 10, 7, 8] of type IIB theory, neglecting ghost
terms and keeping quadratic ones as in the action of Ref.[10].
The action in a flat background
S0 =
∫
Σ
d2ξ
(κ
2
ηmnηµν∂mx
µ∂nx
ν − πα∂−θ
α + ∂+θ¯
απ¯α
)
, (2.1)
deformed by integrated form of the massless IIB supergravity vertex operator
VSG =
∫
Σ
d2ξXTMAMNX¯N , (2.2)
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produces the full action
S = S0 + VSG . (2.3)
The world sheet (Σ) parameters are ξm = (τ , σ), while D = 10-dimensional space-time
coordinates are labelled by xµ (µ = 0, 1, 2, . . . , 9). The fermionic extension of space-time
is expressed by same chirality fermionic coordinates θα and θ¯α. The variables πα and
π¯α are canonically conjugated to the coordinates θ
α and θ¯α, respectively. The fermionic
coordinates and momenta are Majorana-Weyl spinors.
Using equations of motion which are consequences of BRST invariance, requiring for
all background fields to be constant and restricted the action to the quadratic terms, the
vertex operator gets the form
VSG =
∫
Σ
d2ξ
[
κ(
1
2
gµν +Bµν)∂+x
µ∂−x
ν − παΨ
α
µ∂−x
µ + ∂+x
µΨ¯αµπ¯α +
1
2κ
παF
αβπ¯β
]
,(2.4)
where gµν is symmetric, Bµν is antisymmetric Neveu-Schwarz field, Ψ
α
µ and Ψ¯
α
µ are NS-R
gravitino fields and Fαβ is R-R field strength. Adding VSG to flat background action, we
have
S = κ
∫
Σ
d2ξ
[
1
2
ηmnGµν + ε
mnBµν
]
∂mx
µ∂nx
ν (2.5)
+
∫
Σ
d2ξ
[
−πα∂−(θ
α +Ψαµx
µ) + ∂+(θ¯
α + Ψ¯αµx
µ)π¯α +
1
2κ
παF
αβ π¯β
]
,
where Gµν = ηµν + gµν is constant gravitational field.
Embedding D9-brane means that we choose Neumann boundary conditions for all
space-time coordinates xµ so that D9-brane fills whole space-time. In order to embed D5-
brane in ten dimensional space-time we choose Neumann boundary conditions for xi (i =
0, 1, . . . , 5) and Dirichlet boundary conditions for orthogonal directions xa (a = 6, 7, 8, 9).
The choice of background fields is the same as in Ref.[8] and the action is of the form
S = κ
∫
Σ
d2ξ
[
1
2
ηmnGij + ε
mnBij
]
∂mx
i∂nx
j
+ 2ℜ
{∫
Σ
d2ξ
[
−πα1(∂τ − ∂σ)
(
θα1 +Ψα1i x
i
)
+ (∂τ + ∂σ)
(
θ¯α1 + Ψ¯α1i x
i
)
π¯α1
]}
+ 2ℜ
{∫
Σ
d2ξ
[
−πα2(∂τ − ∂σ)
(
θα2 +Ψα2i x
i
)
+ (∂τ + ∂σ)
(
θ¯α2 + Ψ¯α2i x
i
)
π¯α2
]}
+
1
κ
ℜ
{∫
Σ
d2ξ
[
πα1f
α1β1
11 π¯β1 + πα1f
α1β1
14 π¯
∗
β1
− πα2f
α2β2
22 π¯β2 − πα2f
α2β2
23 π¯
∗
β2
]}
+
1
κ
ℜ
{∫
Σ
d2ξ
[
πα2f
α2β1
21 π¯β1 − πα1f
α1β2
12 π¯β2 + πα2f
α2β1
24 π¯
∗
β1
− πα1f
α1β2
13 π¯
∗
β2
]}
,(2.6)
where ℜ means real part of some complex number, ∗ means complex conjugation and
with frs we denoted 8 independent D5-brane components of F
αβ (for more details see
Appendix B of Ref.[8]).
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3 Canonical analysis
Here we will perform canonical analysis of type IIB superstring theory. Boundary condi-
tions will be treated as canonical constraints. Consistency procedure for boundary con-
ditions enable us to rewrite them in compact σ-dependent form. It turns out that all
constraints are of the second class.
3.1 Hamiltonian
Using standard canonical procedure we find canonical Hamiltonian of type IIB superstring
theory in the form
Hc =
∫
dσHc , Hc = T− − T+ , T± = t± − τ± , (3.1)
where
t± = ∓
1
4κ
GµνI±µI±ν , I±µ = πµ + 2κΠ±µνx
′ν + παΨ
α
µ − Ψ¯
α
µπ¯α ,
τ+ = (θ
′α +Ψαµx
′µ)πα −
1
4κ
παF
αβπ¯β , τ− = (θ¯
′α + Ψ¯αµx
′µ)π¯α +
1
4κ
παF
αβπ¯β .(3.2)
For the case of embedded D5-brane canonical Hamiltonian gets the form
t± = ∓
1
4κ
GijI±iI±j ,
I±i = πi + 2κΠ±ijx
′j + 2ℜ
(
πα1Ψ
α1
i + πα2Ψ
α2
i − Ψ¯
α1
i π¯α1 − Ψ¯
α2
i π¯α2
)
,
τ+ = 2ℜ
[(
θ′α1 +Ψα1i x
′i
)
πα1 +
(
θ′α2 +Ψα2i x
′i
)
πα2
]
−
1
2κ
ℜ
(
πα1f
α1β1
11 π¯β1 + πα1f
α1β1
14 π¯
∗
β1
− πα2f
α2β2
22 π¯β2 − πα2f
α2β2
23 π¯
∗
β2
)
−
1
2κ
ℜ
(
πα2f
α2β1
21 π¯β1 − πα1f
α1β2
12 π¯β2 + πα2f
α2β1
24 π¯
∗
β1
− πα1f
α1β2
13 π¯
∗
β2
)
,
τ− = 2ℜ
[(
θ¯′α1 + Ψ¯α1i x
′i
)
π¯α1 +
(
θ¯′α2 + Ψ¯α2i x
′i
)
π¯α2
]
+
1
2κ
ℜ
(
πα1f
α1β1
11 π¯β1 + πα1f
α1β1
14 π¯
∗
β1
− πα2f
α2β2
22 π¯β2 − πα2f
α2β2
23 π¯
∗
β2
)
+
1
2κ
ℜ
(
πα2f
α2β1
21 π¯β1 − πα1f
α1β2
12 π¯β2 + πα2f
α2β1
24 π¯
∗
β1
− πα1f
α1β2
13 π¯
∗
β2
)
, (3.3)
and πi, πα1 , πα2 , π¯α1 and π¯α2 are canonically conjugated to x
i, θα1 , θα2 , θ¯α1 and θ¯α2 ,
respectively. Note, that in both cases energy-momentum tensor components T± satisfy
Virasoro algebra as a consequence of two dimensional diffeomorphisms.
3.2 Boundary conditions as canonical constraints
As a time translation generator Hamiltonian has to be differentiable with respect to co-
ordinates and their canonically conjugated momenta. From this fact, following method
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of Ref.[6], we will derive boundary conditions directly in terms of the canonical variables.
Varying Hamiltonian Hc, we obtain
δHc = δH
(R)
c − [γ
(0)
µ δx
µ + παδθ
α + δθ¯απ¯α]|
π
0 , (3.4)
where δH
(R)
c is regular term without τ and σ derivatives of supercoordinates and super-
momenta variations and
γ(0)µ = Π+µ
νI−ν +Π−µ
νI+ν + παΨ
α
µ + Ψ¯
α
µπ¯α . (3.5)
Consequently, differentiability of Hamiltonian for type IIB theory demands[
γ(0)µ δx
µ + παδθ
α + δθ¯απ¯α
] ∣∣∣π
0
= 0 . (3.6)
EmbeddingD9-brane implies Neumann boundary conditions for xµ coordinates, which
means
γ(0)µ |
π
0 = 0 . (3.7)
Boundary condition for fermionic coordinates chosen to preserve half of the initial N = 2
supersymmetry is
(θα − θ¯α)
∣∣∣π
0
= 0 , (3.8)
and it produces additional boundary condition for fermionic momenta
(πα − π¯α) |
π
0 = 0 . (3.9)
In order to embed D5-brane, for D5-brane coordinates xi we choose Neumann bound-
ary conditions, implying
γ
(0)
i |
π
0 = 0 , (3.10)
γ
(0)
i = Π+i
jI−j +Π−i
jI+j + 2ℜ
(
πα1Ψ
α1
i + πα2Ψ
α2
i + Ψ¯
α1
i π¯α1 + Ψ¯
α2
i π¯α2
)
.
For othogonal coordinates we choose Dirichlet ones, δxa|π0 = 0. As in Ref.[8], dynamics of
xa directions decouples from the rest part of action and we will not consider this boundary
condition. Fermionic boundary conditions take the form
[
θα + (⋆Γθ¯)α
]
|π0 = 0 , [πα + (
⋆Γπ¯)α] |
π
0 = 0 , (3.11)
where ⋆Γ = Γ0Γ1Γ2Γ3Γ4Γ5. By convention we introduce ⋆Γ because if Q1 and Q2 are type
IIB supersymmetry charges then, after Dp-brane is embedded, the conserved supersym-
metry is the linear combination [1]
Q1 + Γ
0Γ1 . . .ΓpQ2 . (3.12)
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Note that arbitrary Majorana-Weyl spinor can be expressed in terms of two opposite
chirality D5-brane Weyl spinors
Sα =


Sα1
Sα2
(b1S
∗)α2
−(b1S
∗)α1

 , (3.13)
where b1 is D5-brane complex conjugation operator. In terms of D5-brane spinors bound-
ary conditions takes the form
(θα1 − θ¯α1)
∣∣∣π
0
= 0 , (θα2 + θ¯α2)
∣∣∣π
0
= 0 , (3.14)
(πα1 − π¯α1)|
π
0 = 0 , (πα2 + π¯α2)|
π
0 = 0 . (3.15)
According with Ref.[6], we will treat the expressions (3.7)-(3.9) and (3.10), (3.14) and
(3.15) as canonical constraints for D9 and D5-brane, respectively.
3.3 Consistency of constraints
We assume that all background fields are constant which enables us to calculate Poisson
brackets. Using standard Poisson algebra, the consistency procedure for γ
(0)
µ produces an
infinite set of constraints
γ(n)µ ≡ {Hc, γ
(n−1)
µ } (n = 1, 2, 3, . . .) , (3.16)
which can be rewritten at σ = 0 in the compact σ-dependent form
Γµ(σ) ≡
∞∑
n=0
σn
n!
γ(n)µ |0 = Π+µ
νI−ν(σ) + Π−µ
νI+ν(−σ) + πα(−σ)Ψ
α
µ + Ψ¯
α
µπ¯α(σ) . (3.17)
From conditions (θα − θ¯α)|0 = 0 and (πα − π¯α)|0 = 0, we get
Γα(σ) = Θα(σ)− Θ¯α(σ) , Γπα(σ) ≡ Πα(σ)− Π¯α(σ) , (3.18)
where the right-hand side functions are defined as
Θα(σ) = θα(−σ)−Ψαµ q˜
µ(σ)−
1
2κ
Fαβ
∫ σ
0
dσ1Psπ¯β +
1
2κ
GµνΨαµ
∫ σ
0
dσ1Ps(I+ν + I−ν),
(3.19)
Θ¯α(σ) = θ¯α(σ) + Ψ¯αµ q˜
µ(σ) +
1
2κ
F βα
∫ σ
0
dσ1Psπβ +
1
2κ
GµνΨ¯αµ
∫ σ
0
dσ1Ps(I+ν + I−ν) ,
(3.20)
6
Πα(σ) = πα(−σ) , Π¯α¯(σ) = π¯α¯(σ) . (3.21)
Similarly, for D5-brane boundary conditions (3.10), (3.14) and (3.15) we get
Γi(σ) = Π+i
jI−j(σ) + Π−i
jI+j(−σ)
+ 2ℜ
[
πα1(−σ)Ψ
α1
i + πα2(−σ)Ψ
α2
i + Ψ¯
α1
i π¯α1(σ) + Ψ¯
α2
i π¯α2(σ)
]
, (3.22)
Γα1(σ) = Θα1(σ)− Θ¯α1(σ) , Γα2(σ) = Θα2(σ) + Θ¯α2(σ) , (3.23)
Γπα1(σ) = πα1(−σ)− π¯α1(σ) , Γ
π
α2
(σ) = πα2(−σ) + π¯α2(σ) , (3.24)
where right-hand side variables are defined as
Θα1(σ) = θα1(−σ)−Ψα1i q˜
i(σ)−
1
2κ
fα1β111
∫ σ
0
dσ1Psπ¯β1 −
1
2κ
fα1β114
∫ σ
0
dσ1Psπ¯
∗
β1
+
1
2κ
fα1β212
∫ σ
0
dσ1Psπ¯β2 +
1
2κ
fα1β213
∫ σ
0
dσ1Psπ¯
∗
β2
+
1
2κ
GijΨα1i
∫ σ
0
dσ1Ps(I+j + I−j),
(3.25)
Θ¯α1(σ) = θ¯α1(σ) + Ψ¯α1i q˜
i(σ) +
1
2κ
fβ1α111
∫ σ
0
dσ1Psπβ1 +
1
2κ
f∗β1α114
∫ σ
0
dσ1Psπ
∗
β1
+
1
2κ
fβ2α121
∫ σ
0
dσ1Psπβ2 +
1
2κ
f∗β2α124
∫ σ
0
dσ1Psπ
∗
β2
+
1
2κ
GijΨ¯α1i
∫ σ
0
dσ1Ps(I+j + I−j) .
(3.26)
The expression for Θα2 can be obtained from the expression for Θα1 using substitution
θα1 → θα2 , πα1 ↔ πα2 , Ψ
α1
i → Ψ
α2
i , f11 → −f22, f14 → −f23, f12 → −f21 and f13 ↔
−f24. We obtain the expression for Θ¯
α2 from Θ¯α1 using similar transition rules (fermionic
variables and background fields have bars).
We introduced variables, even and odd under world-sheet parity transformation Ω :
σ → −σ. For bosonic variables we use standard notation [6]
qµ(σ) = Psx
µ(σ) , q˜µ(σ) = Pax
µ(σ) , (3.27)
pµ(σ) = Psπµ(σ) , p˜µ(σ) = Paπµ(σ) , (3.28)
while for fermionic ones we explicitly use the projectors on Ω even and odd parts
Ps =
1
2
(1 + Ω) , Pa =
1
2
(1− Ω) . (3.29)
For all constraints we apply the consistency procedure at σ = π and obtain similar
expressions, where all variables depending on −σ are replaced by the same variables de-
pending on 2π − σ. That set of constraints is solved by 2π periodicity of all canonical
variables as in Ref.[6].
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3.4 Classification of constraints
Let us denote all constraints with ΓA = (Γµ ,Γ
α ,Γπα). From
{Hc ,ΓA} = Γ
′
A ≈ 0 , (3.30)
it follows that all constraints weakly commute with canonical Hamiltonian, so there are
no more constraints in the theory and the consistency procedure is completed.
For practical reasons we will separate the constraints ΓA in two sets: the zero modes
(θα− θ¯α)|0 and the rest
⋆ΓA = (Γµ ,Γ
′α ,Γπα). The reason for this separation is that Poisson
brackets of constraints ⋆ΓA close on δ
′ function while those with ΓA, close on δ, δ
′ or step
function.
First we will classify ⋆ΓA. The algebra of the constraints
⋆ΓA has the form
{⋆ΓA ,
⋆ΓB} =MABδ
′ , (3.31)
where the supermatrix MAB is given by the expression
MAB =
(
(M1)µν (M2)µ
γ
δ
(M3)
α
βν (M4)
α
β
γ
δ
)
=


−κGeffµν −2(Ψeff )
γ
µ 0
−2(Ψeff )
α
ν
1
κ
Fαγeff −2δ
α
δ
0 −2δβ
γ 0

 . (3.32)
Here we introduced effective background fields
Geffµν = Gµν − 4BµρG
ρλBλν , (Ψeff )
α
µ =
1
2
Ψα+µ +BµρG
ρνΨα−ν ,
Fαβeff = F
αβ
a −Ψ
α
−µG
µνΨβ−ν , (3.33)
and useful notation
Ψα±µ = Ψ
α
µ ± Ψ¯
α
µ , F
αβ
s =
1
2
(Fαβ + F βα) , Fαβa =
1
2
(Fαβ − F βα) . (3.34)
Following [9] we will refer to the fields appearing in matrix MAB as the open string back-
ground fields. This is supersymmetric generalization of Seiberg and Witten open string
metric, Geffµν , because all effective fields contain bilinear combinations of Ω odd fields.
When D5-brane is embedded in ten dimensional space-time, the boundary conditions
⋆ΓA = (Γi ,Γ
′α1 ,Γ′α2 ,Γπα1 ,Γ
π
α2
) satisfy the algebra (3.31), where the supermatrix MAB is
given by the expression
MAB =


−κGeffij −2(Ψ
eff )i
γ1 −2(Ψeff )i
γ2 0 0
−2(Ψeff )α1 j
1
κ
(f eff11 )
α1γ1 1
κ
(f eff12 )
α1γ2 −2δα1 δ1 0
−2(Ψeff )α2 j −
1
κ
(f eff12 )
α2γ1 1
κ
(f eff22 )
α2γ2 0 −2δα2 δ2
0 −2δβ1
γ1 0 0 0
0 0 −2δβ2
γ2 0 0


. (3.35)
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The open string background fields are defined as
Geffij = Gij − 4BikG
klBlj ,
(Ψeff )
α1
i =
1
2
Ψα1+i +BikG
kjΨα1−j , (Ψeff )
α2
i =
1
2
Ψα2−i +BikG
kjΨα2+j ,
(f eff11 )
α1β1 = (fa11)
α1β1 −Ψα1−iG
ijΨβ1−j , (f
eff
22 )
α2β2 = (fa22)
α2β2 −Ψα2+iG
ijΨβ2+j ,
(f eff12 )
α1β2 =
1
2
(
fα1β212 − f
β2α1
21
)
−Ψα1−iG
ijΨβ2+j . (3.36)
From the definition of superdeterminant
s detMAB =
det(M1 −M2M
−1
4 M3)
detM4
, (3.37)
and using the fact that
M2M
−1
4 M3 = 0 , detM4 = const , (3.38)
we obtain from (3.32)
s detMAB ∼ detG
eff . (3.39)
Because we assume that effective metric Geff is nonsingular, we conclude that all con-
straints ⋆ΓA are of the second class. It is easy to check that zero modes, (θ
α − θ¯α)|0,
are also of the second class, and consequently, all constraints originating from boundary
conditions, ΓA, are of the second class. Note that the condition s detMAB 6= 0 is exactly
the same condition as in the bosonic case [6].
4 Solution of the constraints
Instead to calculate Dirac brackets we prefer to explicitly solve second class constraints
originating from boundary conditions. From Γµ = 0, Γ
α = 0 and Γπα = 0, we obtain
xµ(σ) = qµ − 2Θµν
∫ σ
0
dσ1pν + 2Θ
µα
∫ σ
0
dσ1pα , πµ = pµ , (4.1)
θα(σ) = Φα(σ) +
1
2
ξ˜α , πα = pα + p˜α , (4.2)
θ¯α(σ) = Φα(σ)−
1
2
ξ˜α , π¯α = pα − p˜α , (4.3)
where
Φα(σ) =
1
2
ξα −Θµα
∫ σ
0
dσ1pµ −Θ
αβ
∫ σ
0
dσ1pβ , (4.4)
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12
ξα ≡ Psθ
α = Psθ¯
α , ξ˜α ≡ Pa(θ
α − θ¯α) ,
pα ≡ Psπα = Psπ¯α , p˜α ≡ Paπα = −Paπ¯α , (4.5)
and
Θµν = −
1
κ
(G−1effBG
−1)µν , Θµα = 2Θµν(Ψeff )
α
ν −
1
2κ
Gµνψα−ν , (4.6)
Θαβ =
1
2κ
Fαβs + 4(Ψeff )
α
µΘ
µν(Ψeff )
β
ν −
1
κ
Ψα−µ(G
−1BG−1)µνΨβ−ν
+
Gµν
κ
[
Ψα−µ(Ψeff )
β
ν +Ψ
β
−µ(Ψeff )
α
ν
]
. (4.7)
Using σ-dependent form of boundary conditions (3.22)-(3.24), we get D5-brane vari-
ables in terms of effective ones
xi(σ) = qi− 2Θij
∫ σ
0
dσ1pj +4ℜ
(
Θiα1
∫ σ
0
dσ1pα1 +Θ
iα2
∫ σ
0
dσ1pα2
)
, πi = pi , (4.8)
θα1(σ) = Φα1(σ) +
1
2
ξ˜α1(σ) , πα1 = pα1 + p˜α1 , (4.9)
θα2(σ) = Φα2(σ) +
1
2
ξ˜α2(σ) , πα2 = pα2 + p˜α2 , (4.10)
θ¯α1(σ) = Φα1(σ)−
1
2
ξ˜α1(σ) , π¯α1 = pα1 − p˜α1 , (4.11)
θ¯α2(σ) = −Φα2(σ) +
1
2
ξ˜α2(σ) , π¯α2 = −pα2 + p˜α2 , (4.12)
where
Φα1(σ) =
1
2
ξα1 −Θiα1
∫ σ
0
dσ1pi −Θ
α1β1
∫ σ
0
dσ1pβ1 −Θ
α1β2
∫ σ
0
dσ1pβ2
− ⋆Θα1β1
∫ σ
0
dσ1p
∗
β1
− ⋆Θα1β2
∫ σ
0
dσ1p
∗
β2
, (4.13)
Φα2(σ) =
1
2
ξα2 −Θiα2
∫ σ
0
dσ1pi −Θ
α2β1
∫ σ
0
dσ1pβ1 −Θ
α2β2
∫ σ
0
dσ1pβ2
− ⋆Θα2β1
∫ σ
0
dσ1p
∗
β1
− ⋆Θα2β2
∫ σ
0
dσ1p
∗
β2
, (4.14)
and the coefficients multiplying momenta are of the form
Θij = −
1
κ
(G−1effBG
−1)ij , (4.15)
Θiα1 = 2Θij(Ψeff )
α1
j −
1
2κ
GijΨα1−j , Θ
iα2 = 2Θij(Ψeff )
α2
j −
1
2κ
GijΨα2+j , (4.16)
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Θα1β1 =
1
2κ
(f s11)
α1β1 + 4(Ψeff )
α1
i Θ
ij(Ψeff )
β1
j −
1
κ
Ψα1−i(G
−1BG−1)ijΨβ1−j
+
Gij
κ
[
Ψα1−i(Ψeff )
β1
j +Ψ
β1
−i(Ψeff )
α1
j
]
, (4.17)
Θα1β2 = Θβ2α1 =
1
4κ
(fα1β212 + f
β2α1
21 ) + 4(Ψeff )
α1
i Θ
ij(Ψeff )
β2
j
−
1
κ
Ψα1−i(G
−1BG−1)ijΨβ2+j +
Gij
κ
[
Ψα1−i(Ψeff )
β2
j +Ψ
β2
+i(Ψeff )
α1
j
]
, (4.18)
⋆Θα1β1 =
1
4κ
(fα1β114 + f
∗β1α1
14 ) + 4(Ψeff )
α1
i Θ
ij(Ψeff )
∗β1
j −
1
κ
Ψα1−i(G
−1BG−1)ijΨ∗β1−j
+
Gij
κ
[
Ψα1−i(Ψeff )
∗β1
j +Ψ
∗β1
−i (Ψeff )
α1
j
]
, (4.19)
⋆Θα1β2 = ⋆Θβ2α1 =
1
4κ
(fα1β213 + f
∗β2α1
24 ) + 4(Ψeff )
α1
i Θ
ij(Ψeff )
∗β2
j
−
1
κ
Ψα1−i(G
−1BG−1)ijΨ∗β2+j +
Gij
κ
[
Ψα1−i(Ψeff )
∗β2
j +Ψ
∗β2
+i (Ψeff )
α1
j
]
. (4.20)
The coefficient Θα2β2 can be obtained from Θα1β1 after substitution f s11 → f
s
22, (Ψeff )
α1
i →
(Ψeff )
α2
i and Ψ
α1
−i → Ψ
α2
+i, while
⋆Θα2β2 follows from ⋆Θα1β1 after substitution f14 → f23,
(Ψeff )
α1
i → (Ψeff )
α2
i and Ψ
α1
−i → Ψ
α2
+i.
5 Noncommutativity of Dp-brane world-volume
Using the solutions of boundary conditions we will show that Poisson brackets of initial
Dp-brane variables are nonzero.
5.1 D9-brane
From basic Poisson algebra
{xµ(σ), πν(σ¯)} = δ
µ
νδ(σ − σ¯) , (5.1)
and definitions (3.27)-(3.28) we obtain
{qµ(σ) , pν(σ¯)} = δ
µ
νδs(σ , σ¯) , {q˜
µ(σ) , p˜ν(σ¯)} = δ
µ
νδa(σ , σ¯) , (5.2)
where
δs(σ, σ¯) =
1
2
[δ(σ − σ¯) + δ(σ + σ¯)] , δa(σ, σ¯) =
1
2
[δ(σ − σ¯)− δ(σ + σ¯)] , (5.3)
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are symmetric and antisymmetric delta functions, respectively. Using basic Poisson algebra
of fermionic variables
{θα(σ), πβ(σ¯)} = {θ¯
α(σ), π¯β(σ¯)} = −δ
α
βδ(σ − σ¯) , (5.4)
we have {
Psθ
α(σ) + Psθ¯
α(σ) , Psπβ(σ¯) + Psπ¯β(σ¯)
}
= −2δαβδs(σ , σ¯) , (5.5)
which gives
{ξα(σ) , pβ(σ¯)} = −δ
α
βδs(σ , σ¯) . (5.6)
Similarly we obtain {
ξ˜α(σ) , p˜β(σ¯)
}
= −δαβδa(σ , σ¯) . (5.7)
Therefore, the momenta pµ, p˜µ, pα and p˜α are canonically conjugated to the coordinates
qµ, q˜µ, ξα and ξ˜α, respectively.
Using the solutions of constraints (4.1)-(4.3), we get the noncommutativity relations
{xµ(σ) , xν(σ¯)} = 2Θµνθ(σ + σ¯) , (5.8)
{xµ(σ) , θα(σ¯)} = −Θµαθ(σ + σ¯) , {θα(σ) , θ¯β(σ¯)} =
1
2
Θαβθ(σ + σ¯) , (5.9)
where
θ(x) =


0 if x = 0
1/2 if 0 < x < 2π .
1 if x = 2π
(5.10)
After introducing center of mass variables
A(σ) = Acm +A(σ) , Acm =
1
π
∫ π
0
dσA(σ) , (5.11)
where A(σ) is arbitrary variable, we obtain
{xµ(σ) , xν(σ¯)} = Θµν∆(σ + σ¯) , (5.12)
{xµ(σ) , θα(σ¯)} = −
1
2
Θµα∆(σ + σ¯) , {θα(σ) , θ¯β(σ¯)} =
1
4
Θαβ∆(σ + σ¯) . (5.13)
The function ∆(σ + σ¯) is nonzero only at string endpoints
∆(x) = 2θ(x)− 1 =


−1 if x = 0
0 if 0 < x < 2π ,
1 if x = 2π
(5.14)
and we conclude that interior of the string is commutative, while string endpoints are
noncommutative.
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5.2 D5-brane
Applying the same procedure as in the case of D9-brane, we get D5-brane noncommuta-
tivity relations
{xi(σ) , xj(σ¯)} = Θij∆(σ + σ¯) , (5.15)
{xi(σ) , θα1(σ¯)} = −
1
2
Θiα1∆(σ + σ¯) , {xi(σ) , θα2(σ¯)} = −
1
2
Θiα2∆(σ + σ¯) ,(5.16)
{θα1(σ) , θ¯β1(σ¯)} =
1
4
Θα1β1∆(σ + σ¯) , {θα2(σ) , θ¯β2(σ¯)} = −
1
4
Θα2β2∆(σ + σ¯) , (5.17)
{θα1(σ) , θ¯β2(σ¯)} = −
1
4
Θα1β2∆(σ + σ¯) . (5.18)
The parameters multiplying complex conjugated momenta denoted by star are absent
in noncommutativity relations, because the solutions for initial fermionic coordinates do
not depend on complex conjugated effective coordinates.
On the solutions of the boundary conditions original string variables depend both on
effective coordinates and effective momenta, and that is a source of noncommutativity. In
the supersymmetric case the presence of Ω odd fields Bµν , Ψ
α
−µ and F
αβ
s leads to noncom-
mutativity of the supercoordinates. Nontrivial Bµν leads to nonzero of all noncommutative
parameters, Θµν , Θµα and Θαβ. If only Ψα−µ is nontrivial, we have Θ
µν = 0, but Θµα and
Θαβ are nonzero. Finally, if only Fαβs is nontrivial then Θµν = 0 and Θµα = 0, and only
Θαβ is nonzero. The last case corresponds to the noncommutativity relations used in [11],
where bosonic variables are commutative. This discussion is the same for D5-brane up to
the following replacing
Ψα±µ = Ψ
α
µ ± Ψ¯
α
µ → Ψ
α
±µ = Ψ
α
µ ∓ (
⋆ΓΨ¯µ)
α ,
Fαβs =
1
2
(Fαβ + F βα)→ Fαβs = −
1
2
[
(F ⋆Γ)αβ + (F ⋆Γ)βα
]
. (5.19)
6 Supersymmetry of noncommutativity relations
Here we will explicitly show that noncommutativity relations of D9-brane coordinates,
(5.8) and (5.9), are connected by N = 1 supersymmetry transformations. Because of the
relation between D9 and D5-brane spinors [8], the similar relations hold for D5-brane
supersymmetry.
The action of initial theory (2.5) is invariant under global N = 2 supersymmetry with
parameters ǫ and ǫ¯. The supersymmetry transformations of the variables xµ, θα and θ¯α
[12] are
δxµ = ǫ¯αΓµαβθ
β + ǫαΓµαβ θ¯
β , δθα = ǫα , δθ¯α = ǫ¯α , (6.1)
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while the transformation rules of constant background fields are
δGµν = ǫ
α
+Γ[µαβΨ
β
+ν] − ǫ
α
−Γ[µαβΨ
β
−ν] , δBµν = ǫ
α
+Γ[µαβΨ
β
−ν] − ǫ
α
−Γ[µαβΨ
β
+ν] , (6.2)
δΨα+µ = −
1
16
ǫβ−ΓµβγF
γα
s −
1
16
ǫβ+ΓµβγF
γα
a , δΨ
α
−µ =
1
16
ǫβ+ΓµβγF
γα
s +
1
16
ǫβ−ΓµβγF
γα
a ,
(6.3)
δA(0) = 0 , δA(2)µν = −ǫ
α
+Γ[µαβΨ
β
+ν] − ǫ
α
−Γ[µαβΨ
β
−ν] +A
(0)δBµν , (6.4)
δA(4)µνρσ = 2ǫ
α
+Γ[µνραβΨ
β
−σ] + 2ǫ
α
−Γ[µνραβΨ
β
+σ] + 6A
(2)
[µνδBρσ] . (6.5)
Here we used notation
ǫα± = ǫ
α ± ǫ¯α = const. , Γµ1µ2...µk ≡ Γ[µ1Γµ2 . . .Γµk ] , (6.6)
and [ ] in the subscripts of the fields mean antisymmetrization of space-time indices be-
tween brackets. The potentials A(0) and A
(4)
µνρσ correspond to the symmetric part of Fαβ
Fαβs =
1
2
(Fαβ + F βα) , (6.7)
and A
(2)
µν to antisymmetric one
Fαβa =
1
2
(Fαβ − F βα) . (6.8)
More about connection between two descriptions of R-R sector is given in Ref.[4] and
Appendix B of Ref.[8].
From the solution of boundary conditions (4.2)-(4.3) and supersymmetry transforma-
tions (6.1), we have
δθα(σ) = δΦα(σ) +
1
2
δξ˜α(σ) = ǫα , (6.9)
δθ¯α(σ) = δΦα(σ)−
1
2
δξ˜α(σ) = ǫ¯α , (6.10)
which gives
δΦα(σ) =
1
2
ǫα+ , δξ˜
α(σ) = ǫα− . (6.11)
From the boundary conditions (3.8), with the help of supersymmetry transformations
(6.1), it holds
ǫα− = 0 . (6.12)
The starting N = 2 supersymmetry transformations (6.1), on the solution of boundary
conditions, reduces to N = 1 supersymmetry transformations
δxµ(σ) = ǫα+Γ
µ
αβΦ
β(σ) = ǫα+Γ
µ
αβθ
β(σ)−
1
2
ǫα+Γ
µ
αβ ξ˜
β(σ) , δθα = δθ¯α =
1
2
ǫα+ , (6.13)
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which gives
δqµ =
1
2
ǫα+Γ
µ
αβξ
β , δξα = ǫα+ , δξ˜
α = 0 . (6.14)
From Ref.[13] we read the supersymmetry transformations for the momenta
δpα =
1
2
ǫβ+Γ
µ
βαpµ , δpµ = 0 . (6.15)
The truncation from N = 2 to N = 1 supersymmetry we can realize omitting trans-
formations for Gµν , Ψ+µ and Fa [12]. The rest fields make N = 1 supermultiplet with
transformation rules
δBµν = ǫ
α
+Γ[µαβΨ
β
−ν] , δΨ
α
−µ =
1
16
ǫβ+ΓµβγF
γα
s , δF
αβ
s = 0 . (6.16)
Using N = 1 SUSY transformations (6.13)-(6.15), we can find the supersymmetric
transformations of the coefficients Θµν , Θµα and Θαβ multiplying the momenta in the
solutions of boundary conditions. From
δxµ(σ) =
1
2
ǫα+Γ
µ
αβξ
β − 2δΘµν
∫ σ
0
dσ1pν − 2Θ
µν
∫ σ
0
dσ1δpν , (6.17)
+ 2δΘµα
∫ σ
0
dσ1pα + 2Θ
µα
∫ σ
0
dσ1δpα = ǫ
α
+Γ
µ
αβθ(σ)
β −
1
2
ǫα+Γ
µ
αβ ξ˜(σ)
β ,
δθα(σ) =
1
2
ǫα+−δΘ
µα
∫ σ
0
dσ1pµ−Θ
µα
∫ σ
0
dσ1δpµ−δΘ
αβ
∫ σ
0
dσ1pβ−Θ
αβ
∫ σ
0
dσ1δpβ =
1
2
ǫα+ ,
(6.18)
we obtain global N = 1 SUSY transformations of the background fields
δΘµν = ǫα+Γ
[µ
αβΘ
ν]β , δΘµα = −
1
2
ǫβ+Γ
µ
βγΘ
γα , δΘαβ = 0 . (6.19)
Consequently, these fields are components of N = 1 supermultiplet. The coefficients,
Θµν , Θµα and Θαβ , are the background fields of the T-dual theory. This explains the
fact that their SUSY transformations have the same form as the transformations of the
corresponding dual partners Bµν , Ψ
α
−µ and F
αβ
s (6.16).
Using N = 1 supersymmetry transformations of SUSY coordinates (6.13) and back-
ground fields (6.19), we can easily prove that noncommutativity relations, (5.8) and (5.9),
are connected by supersymmetry transformations. The SUSY transformation of (5.8)
ǫα+Γ
[µ
αβ
{
xν], θβ
}
= −ǫα+Γ
[µ
αβΘ
ν]βθ(σ + σ¯) , (6.20)
produces the first relation in (5.9). Similarly, SUSY transformation of the first relation in
(5.9)
ǫβ+Γ
µ
βγ {θ
γ , θα} =
1
2
ǫβ+Γ
µ
βγΘ
γαθ(σ + σ¯) , (6.21)
produces the second relation in (5.9).
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7 Concluding remarks
In this paper we considered noncommutativity properties and related supersymmetry
transformations of D9 and D5-branes in type IIB superstring theory. We used the pure
spinor formulation of the theory introduced in Refs.[2, 10].
Following [5, 8, 6] we treated all boundary conditions at string endpoints as canonical
constraints and checked their consistency. For nonsingular Geff all constraints are of the
second classand. We can solve them and obtain the initial coordinates xµ, θα and θ¯α in
terms of effective ones, qµ, ξα and ξ˜α (momenta independent parts of the solutions for
initial supercoordinates xµ, θα and θ¯α) and momenta pµ and pα (canonically conjugated
to qµ and ξα).
The fact that original string variables depend both on effective coordinates and effective
momenta is a source of noncommutativity (5.12)-(5.13). The solution for initial variables
do not depend on momenta p˜α (canonically conjugated to ξ˜
α). So, Ω odd variables,
denoted with tilde, do not contribute to noncommutativity relations. Absence of the
fermionic coordinates in the solution for xµ implies that Poisson bracket {xµ , xν} is the
same as in pure bosonic case. Similar conclusions are valid for D5-brane.
Noncommutativity obtained in the present paper represents a generalization of the
results from Ref.[10]. In special case, when Ψα = Ψ¯αµ , the noncommutatativity relations
(5.12)-(5.13) correspond to the relations of Ref.[10].
The result of the present paper can be considered as a supersymmetric generalization
of the result obtained for bosonic string [9]. Beside Bµν , its superpartners Ψ
α
−µ and F
αβ
s
are also a source of noncommutativity. For noncommutativity of bosonic coordinates it is
necessary to have nontrivial Bµν . Noncommutativity of bosonic and fermionic coordinates
can be caused by both Bµν and Ψ
α
−µ, while noncommutativity of two fermionic coordinates
can be caused by all components of noncommutative supermultiplet, Bµν , Ψ
α
−µ and F
αβ
s .
Note that fermionic boundary conditions split N = 2 supermultiplet (consisting of
background fields Gµν , Bµν , Ψ
α
+µ, Ψ
α
−µ and F
αβ) into two N = 1 supermultiplets. One, Ω
even (Gµν , Ψ
α
+µ, F
αβ
a ), represents background fields of type I theory, and the second one,
Ω odd (Bµν , Ψ
α
−µ, F
αβ
s ) is source of noncommutativity of supercoordinates (xµ , θα).
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